This paper shows if X is an infinite dimensional Banach space, X contains a linearly independent arc. Also based on the continuum hypothesis, that if X is an infinite dimensional Banach space and card X = c, then X contains a dense arcwise connected Hamel basis.
The main result of this paper is that any infinite dimensional Banach space with the same cardinal number as the real line contains an arcwise connected dense Hamel basis. The proof of this result uses the continuum hypothesis. Two lemmas are proved which are of independent interest. Lemma 1 shows that a large class of subspaces of normed linear spaces are of the 1st category.
In this connection, Hausdorff showed that any infinite dimensional real Banach space contains a second category linear subspace which is not complete under any equivalent norm [2] . Lemma 2 deals with homeomorphisms in the space C(I, X) of mappings from the unit interval I into an infinite dimensional Banach space X. It is known that this set of homeomorphisms is dense in C(I, X); and G. G. Johnson [3] and [4J, while working on problem 4 in Halmos' book [l] has shown that if/ is a homeomorphism in C(I, X) such that each two nonoverlapping chords of/([0, l]) are orthogonal, then the nonzero values of/ are linearly independent.
It follows from Lemma 2 that the set of all homeomorphisms in C(I, X) with linearly independent range is, in fact, a dense Gj in C(I, X).
Lemma 1. If X is an infinite dimensional normed linear space which is spanned by a subset of a a-compact set, X is first category. Note the union of all these sets would include all functions in C(I, X) that are not one-to-one or that map / onto a linearly dependent set.
Since C(I, X) is complete, there exists a point h not in that set. This function h will satisfy the conclusion. Let Aa = BVJha(I)VJga(I).
In either case Aa is a countable union of arcs each having ai as an endpoint, aG7-[^40], there is a point appearing both in/(a) and Aa and Aa is linearly independent. Therefore H-\JaSA Aa is a Hamel basis for X which is dense and arcwise connected.
